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Abstract 

We use some general results regarding positive maps to exhibit exam- 
ples of non-decomposable maps and 2^ x 2^ , N > 2, bound entangled 
states, e.g. non distillable bipartite states of N-l-N qubits. 

1 Introduction 

Entanglement appears to be a basic resource in the fields of quantum infor- 
mation and quantum computation (see [1,2] and references therein). Even 
if there is a sound definition of what an entangled state is [3], it is difficult 
to determine if a given state is entangled or not. 

There are different results in the literature regarding the classification 
of states. One of the more interesting [4, 5] is based on the use of linear 
maps which are positive (P) [6-8] but not completely positive (CP) [9-11]: 
we shall refer to them as PnCP maps. A map is P if it trasforms any state 
into another positive operator. In the case of a bipartite system, a state is 
entangled if and only if there exists a PnCP map such that the operator 
obtained acting with the map on only one of the two subsystems is not 
positive any more. The simplest example of PnCP map is the operation of 
transposition T (with respect to a given basis). The action of trasposition 
on one of the subsystems is called partial transposition (PT). Because of 
the structure of the set of positive maps [7, 12], in the 2x2 and 2x3 
dimensional cases PT can "detect" all the entangled states: states that 
remain positive under PT (PPT states) are separable; states that develop 
negative eigenvalues under PT (NPT states) are entangled. Unfortunately 
in higher dimensions PT is not a "complete" test any more and there are 
PPT states which are entangled [13]. 
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The PnCP approach to the problem of entanglement characterization 
can also give information about the distillability of the state (see [14] for a 
review). A state is said to be distillable if, having at disposal a large number 
of copies of the state, it is possible to obtain some maximally entangled 
states, under the constraint of performing only local operations and using 
classical communication. It turns out that a PPT entangled state (PPTES) 
can not be distilled, so that its entanglement can be considered "bound" [15]; 
however it can still be useful for tasks that it would be impossible to perform 
classically [16]. In order to identify this bound entanglement it is necessary 
to use PnCP that are not decomposable, that is which can not be written 
as the sum of a CP map and a CP map composed with transposition. 

It is therefore clear that the study of P maps is strictly related to the 
study of entanglement, the link being provided by the Jamiolkowsky isomo- 
sphism [17]. In this work we contribute to the phenomenology of positive 
maps [18-20] giving some general methods to construct classes of PnCP 
maps. In one simple instance we test their decomposability by finding at 
the same time examples of PPT (and therefore bound) entangled states of 
N + N qubits. 

In Section [2 we review some basic notions and results concerning the 
properties of positivity and complete positivity of maps and their relation 
to entanglement; we further give a method to construct particular classes 
of PnCP maps. In Section El we use the results of Section |2l focusing on 
an example of PnCP map. To test the non-decomposability of this map we 
are lead quite naturally to define a set of states such that the condition of 
positivity under PT has a simple form. We then exhibit examples of 2-^ x 2^ 
dimensional PPTES, thus proving that the map is non-decomposable. 

2 Linear maps and entanglement 

We start with some basic facts about positive maps and entanglement, pre- 
sented for finite d-dimensional systems Sd described by the algebra of d x d 
matrices with complex entries Md{C). We shall denote by Sd the space of 
the states (density matrices), that is the convex set of positive p G Md{C) 
of unit trace. 

The action of any hermiticity-preserving linear map A : Md{C) Md{C) 
can be written as [21] 

Md{C) 3X^ A[X] = ^ki FkXF} , (1) 

k,i=Q 
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where F^'s are matrices d x d, forming an orthonormal basis in Mrf(C) 
with respect to the Hilbert-Schmidt scalar product, Tr(F.^Ffc) = d^i, and 
Ca = [Afcj] is a generic hermitian matrix. The map is also trace-preserving 
if and only if Ylti^o ^kiF^Fk = 1- 

Remark 1 Expression does not depend on the choice of the orthonormal 
basis of the matrices -Ffc's. In fact, let {Gi} be another orthonormal basis; 
there exists a x unitary matrix U, Uik = Tr (gJf^), such that = 
Ylf=o^ ^ik Gi- Thus the action of A can be written 

K[X]= KmGiXGl 

k,i=0 

with X'l^ = {C'j^)im = {UC{Jj'^)im- On the other hand it is always possible 
to find an orthonormal basis {Gi} such that Ca is diagonal and (0) reads 
K[X] = Y!fsQ XjGjXG], where the A/s are the eigenvalues of C\. We 
will refer to such an orthonormal basis as a diagonal basis for A. 

Any linear map A that is used to describe a physical state transformation, 
must preserve the positivity of all states p, otherwise the appearance of 
negative eigevalues in A[p] would spoil its statistical interpretation which is 
based on the use of the state eigenvalues as probabilities. 

If a map preserves the positivity of the spectrum of all p we say it is 
positive; however, it is not sufficient to make A fully physically consistent. 
Indeed, the system Sd may always be thought to be statistically coupled 
to an ancilla n- level system Sn- One is thus forced to consider the action 
id„ (8) A over the compound system 5„ + Sd, where by id„ we will denote 
in the following the identity action on M„(C). It is not only A that should 
be positive, but also id„ (gi A for all n; such a property is called complete 
positivity [6,10,11]. Complete positivity is necessary because of the existence 
of entangled states of the compound system 5^ + Sd, namely of states that 
cannot be written as factorized linear convex combinations, that is as 

PsM = T.'^^Ps.^pi^ Ci>0, Yc, = l. (2) 

i i 

In fact, any PnCP map A, when acting partially as id ^ A, moves some 
entangled states out of the space of states; however, exactly for this reason, 
it may be used to detect entanglement [4,5]. 

In the first of the following two theorems we collect some results con- 
cerning positivity and complete positivity; the second one is the Horodeckis' 
theorem on entanglement detection by positive maps. 
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In the space of states Sdxd of the bipartite system Sd+Sd, let us introduce 
the symmetric state 

d 

where \j), j = 1,2,... ,d is any fixed orthonormal basis in C^, and Pf = 
|^'+)(^'+| G ^dxd is the corresponding projection onto it. 

Theorem 2 A linear map A : Mrf(C) ^ Mrf(C) is 

fij positive if and only if 

((/) VI ( idd ®A) [P^] V') = ^(V'l A[ I</'*)(01 ]| V) > (4) 

for all (normalized) |(/)) , £ C^, with denoting the conjugate of 
I (f>) with respect to the fixed orthonormal basis in [1 7, 22]. 

(a) completely positive if and only if [6, 23] 

{idd0A)[Pf]>O . (5) 

(Hi) completely positive if and only if it can be expressed in the Kraus- 
Stinespring form [10, 11] 

K[p\ = Y, K,pK] , (6) 
i=o 

with KjKj = 1 if A is trace-preserving. 

Remark 3 It is evident that the properties of positivity and complete 
positivity depend on the coefficient matrix C\ of In particular a linear 
map is CP if and only if C\ is positive semidefinite. In fact in this case 
it is possible to obtain the Kraus-Stinespring of point (iii) of Theorem |21 
diagonalizing the coefficient matrix and using the fact that the eingenvalues 
of Ca are positive: 

d2_l d'^-1 

3=0 i=0 

with Gj identified as the Kraus operator Kj. 
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Theorem 4 The following statements are equivalent [5]: 

(i) p £ Sdxd is entangled; 
(a) for some positive map A on M(i{C) 

Da{p) := TV ((idd ® A) [Pf] p) < 0; (7) 

(Hi) for some positive map A on M(i{C) 

p' = (idd A) [p] 
is not a positive operator any more. 

Remark 5 For any lip) = "^^j^i ipij\i) ® \ j) in C'*^'^ there is in M(^(C) 
such that {j\A\i) = ipij and therefore = Vd{ld A^)\^'^). It is then 
clear that for any state p & S^xd there is a CP map A^, characterized by a 
coefficient matrix Ca^, such that p = (id^ (8) Ap)[P^]. Thus for any P map 
A characterized by a coefficient matrix Ca, we have 

L»a(p) = ^TV(CaCa,) 

with the two coefficient matrices expressed in the same orthonormal basis. 
Remark 6 We note two interesting properties of the symmetric state l^'^): 

1. for all matrices A, B acting on one has 

A (g) B\^'\_) = Id (8) BA^\^%) = AB'^ (8) 

2. under partial transposition Pf gives raise to the flip operator 

d 

which is such that 

F|^(g)0) = 1^8) V') , v(a®B^V = B®A. 
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Unlike the case of CP maps, there is no general prescription on Ca 
ensuring that A preserves the positivity of p. For instance, if Ca is not 
positive, then, by separating positive and negative eigenvalues, one sees 
that every A can be written as the difference of two CP maps Ai^2 [24]: 

A[p] = E >^^G,pG] - \HG,pG]. (8) 

Aj>0 Aj<0 

with Gj a diagonal basis. However, no general rule is known that may allow 
us to recognize the positivity of A by looking at the eigenvalues \j and at 
the matrices Gj. From the point (i) of Theorem [21 and from Q, it easy to 
derive that one should check the positivity of 

Aj>0 Aj<0 

for all (normalized) |(/>) , S C^. 

In the following Theorem we will give a sufficient condition for positivity 
of a class of maps on M^^ (C) ® M^^iC). 

Theorem 7 Let Aj be maps acting on M^, (C), i = 1,2, in the following 
way 

A4^]= E A«F«XF», (10) 

fi=0 

i.e. they admit hermitian diagonal bases 

for all p = 0, ... ,df — 1, i = 1,2. If all the coefficients X^^^ are positive 

(2) (2) 

apart from one, let us say = — | | , and all the positive coefficients are 

(2) 

greater or equal to |A^ |, then the map A : M^-^y^^^i'^) ~^ -^dixd2('^)' 

A = Ai idrf2 + idrfi A2 (11) 

is positive. 

Proof We have to check that 

Z)(0,V) := (V|A[|0)(0|]|^) >0 
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for all \(t)),\'ilj) e C^'""^^, which we can both be expanded on a basis 
{\i)^\j)}: 

di d2 di d2 

i=l j=l k=l 1=1 

SO that they are determined by the coefficient matrices It is straigh- 

forward to find the following expression for D{(j),ip): 



(13) 



Since {F^^^}|^^^q^ and {-^i^^jj^Lo^ orthonormal bases and Tr{A'^) 

Tr(A), we have 

^ (Tr (F^cDM/t))' = TV ^ (Tr fe2)(xl.tci>)^ 



and, using the triangle inequality, we have 



(14) 

From the hypothesis of the theorem, the above inequality and ()13() we find 



(2), 



^|Tr(FW$^t 



for all 



+ J]|Tr(Fi2)(#cI>)^ 



); therefore A is P. 



Tr (^Ff^(^t$)^ 



> 0. 

(15) 



Remark 8 We have just shown that any map A of the form ()11|) is positive. 
It is moreover PnCP as soon as its matrix of coefficients is not positive, i.e. 

(2) (2) 

as soon as the negative contribution in id^^ (8) A2 due to = ~ I '^fc I 
actually cancelled by terms in Ai ® id^j • 

Remark 9 The previous theorem is suggested by a similar result regarding 
dynamical semigroups [25,26]. A dynamical semigroup is a set of hermiticity 
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and trace preserving linear maps 'jt, t > 0, on Sd which obey a semigroup 
composition law ^t°ls = It+s-, for any i,s > 0. Semigroups are used to 
describe the dynamics of a system immersed in an environment and weakly 
coupled to it [27-30]. With the further assumption of continuity in t (time) 
the semigroup has the form 7^ = exp(tL), where L is a map called the 
generator which determines all the properties of the semigroup. The issue of 
complete positivity in the description of the evolution of dynamical systems 
is indeed related to the existence of entangled states [31-35]. The generator 
of a factorized semigroup exp(iL) = exp(tLi) ® exp(iL2) on Sd^ ® Sd2 is 
L = Li® idrfj + idrf^ (8> i^2; which is similar to l(TT|) . 

Given a set of positive maps V = {Ai, . . . , Ap} we can define a larger set 
of positive maps 

p 

^^(^) = {j^r,oA,|r, cp}, (16) 

2 = 

with Aq = id. Then, given a set of PnCP maps {A?"*^^}^, we can conctruct 
a whole class r^dA?"^^^}) of P maps, potentially PnCP. It is quite evident 
that no map in r2(|A^ }.) gives a stronger test for entanglement, in the 
sense of Theorem |1J than the ensamble of tests performed with the single 
^PnCP5g_ jj-^ particular, if a map is in r2({r}), it is said to be decomposable 
and cannot provide a stronger test than PT. According to a theorem by 
Woronowicz [12], all P maps M2(C) — > M2(C) are decomposable, whence 
the transposition detects all the entangled states in 52x2! in other words, 
(id2 ® T2) [p] is non-positive if and only if p is entangled. On the contrary, 
when (i > 3, there are PPT states which are entangled (PPTES) [7, 9, 13, 
14]. The entanglement in a PPTES can not be distilled by means of local 
operations and classical communication [15], therefore it is referred to as 
bound-entanglement. 

The relation between non-decomposability of maps and PPT entangled 
states is summarized in the following proposition: 

Proposition 10 //A is positive on Sd, p G Sdxd is PPT and D\{p) < 0, 
then A is not decomposable and p is PPTES. 

3 A class of 2^ x 2^ bound entangled states 

We want to use the results of Theorem|3 We notice that {(7^/\/2}^^q, with 
o"o the 2-dimensional identity matrix and dj, i = 1,2,3, the Pauli matrices. 
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is a hermitian orthonormal basis in M2(C). Let L*^^-* be the the set 

:={(wi,...,Wfe)|wi = 0,1,2,3, i = l,...,k'j 

whose elements are A;-dimensional (integer) vectors to. Let us take m > n 
and let L be the lattice 



(17) 



with 4^, N = m + n elements. In a geometric representation L can be 
considered in an A^-dimensional integer space as a hypercube whose sides 
contain 4 points. Every index among ai, . . . , am, Pi, ■ ■ ■ , Pn is then a coor- 
dinate. We will associate to the points of L the tensor products of Pauli 
matrices 

Craf3 ■■= CToc® CFj3= {aa^® ■ ■ ■ ® CT„^ ) (g) {cT ® ■ ■ ■ ® a p^) . (18) 

It is clear that ^aj{y/2f a G L(™)| and |cj^/(V2)" /3 G L(")| are 
orthonormal hermitian bases respectively in M2m(C) and M2n(C), while 



(q,/3) G L 



is an orthonormal hermitian basis in M2"i(C) (g) M2n(C) ~ M2]v(C). 
Let us consider the map 



A/3jj = Ai (g) id2n + id2™ (8) A2, 



(19) 



with 



Ai[X] 

A2[X] 



- E 



2" ^-^ 



X — 



E 



-/3 6L(")\{A,} 



and /3o 7^ Om, denoting with Ofc the fe-dimensional null vector (0, ... ,0) G 
Since m > n, the map A^^ satisfies the hypothesis of Theorem [7] and 
is therefore P. Note that id2fe [X] = cjoj. X ao^. . In the basis S the coefficient 
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matrix C\g is diagonal with eigenvalues 



2 (q,/3) = (0„,0„) 

1 ((« = 0™) A (/3 / 0„, /3o) ) V ( (a / 0„) A (/3 = 0„; 

-1 («,/3) = (0„,/3o) 

[0 (a/0„) A(/3/0„). 



(20) 

It is therefore clear that, because of our choice for /3q, the map A^^^ is PnCP. 
Accordingly to Proposition^! we will show that it is also non-decomposable 
exhibiting a PPT state p such that ^a^^ (p) < 0. 

We construct orthogonal one-dimensional projectors 



2 



(21) 



such that 

The states lipa^), (q;,/3) G L, are 4^ maximally entagled states forming an 

nN oAf 

orthonormal basis in C (8> C . 

We shall call lattice states (LS) the states diagonal in the {\1pai3)} basis, 
that is the mixtures belonging to the convex span of the projectors Paf3- 

Pit ■= ^ T^alB Pafi , T^afi > , ^ 7^:^(3 = 1 • (22) 
{a,f3)eL {oL,f3)eL 

We now analyze the problem of deciding which Pt^ are PPT. We start by 
operating the partial transposition on Pa(3 in H21|) . obtaining 



idaiV ® T[pi] = ^ ^ TTafS Va(3, 
ia,l3)eL 



with 



Lemma 11 The spectral decompostion ofVaf3 is 

VafS = ^ ^OLf S<5/3 P-yS 



(23) 



(24) 



with 



-'Ct-y 



n 

i=l 



.l)''|Q-7l,2. 
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Proof From Remark |21 and F]^^'^) = 1^'+'^), it follows that 



i=l 



i=i 



m ri 



i=l 



where 



^07 •" 

according to the table 



1 a=0V7=0Va=7 
-1 a/0A7/0Aa/7 



7\a 





1 


2 


3 





1 


1 


1 


1 


1 


1 


1 


-1 


-1 


2 


1 


-1 


1 


-1 


3 


1 


-1 


-1 


1 



and £a = (—1)'^"'^. Setting H^q, = Sa^-yVa-y, the result follows by direct 
inspection. ■ 

Theorem 12 A lattice state remains positive under partial transposition if 
and only if, for any lattice site (q;,/3) G L, 



m+n 
a=0 



(25) 



where L'^^^ Q L is the set of lattice points (7, S) such that exactly a indices 
among 71 , . . . , 7^ ,61, . . . ,6n are equal to the corresponding indices among 

oil ; • • • ) /?! 5 • • • ) f3n ■ 



Proof Using the previous Lemma, from 1)23^ we have 



pI" = ^ e e ^^^^ 

(oL,0)eL \('y,S)eL 



ia,f3)eL \{f,S)eL 

and therefore p^^ is positive if and only if 



E '^■ys'^af'^iss > V(q!,/3) G L. 



(26) 



(27) 
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We introduce the bijection L ^ L given by (q;,/3) ^ {a, (3), where a = 
{oil, ■ ■ ■ ,Oim) and Jl := {fi + 2) mod (4), < /i < 3. It then follows that 
= (— l)*^"'^. The PPT condition can therefore be written as 

m n 
'ySeL i=l j=l 

whence, since it must hold for all (q,/3), there must be 

m n 

Jc.f3 ■■= E ^■ysUi-^)'"''" n(-l)''^'^' ^ 0- (28) 

-ySeL i=l j=l 

We now split the sum over 7, S into different sums according to the number 
of 6 conditions that are satisfied, that is we isolate the contributions of 
different i^^; explicitly 

m+n m n 

a=0 (7,'5)eL«^ i=l j=l 

The theorem follows noticing that 

m n 

i=i j=i 



The previous condition for positive partial transposition is necessary and 
sufficient on the class of lattice states. For the sake of simplicity we now 
focus on a subset of these states. We will call equidistributed LS (ELS) the 
LS such that 

^ (a,/3)G/ 
\0 {a, (3)^ I 

with / C L a subset of L and Nj := card(/), that is states 



pi = jr H Pc.f3. (29) 

Such states are completely characterized by a set I Q L. The condition of 
positivity under PT (|25|) becomes 



^ m+n 



Nj 
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where Nl-^^ = card(L^^) 

It is in principle possible to construct all the ELS that are PPT. A similar 
task as been accomplished in [26] for the case m = n = 1, N = 2, i.e. for 
the ELS Pi G ^4x4. In the present work, instead, we just show that for any 
N >2 among the ELS there is at least a PPTES. 

We first need the following lemma. 

Lemma 13 The ELS described by 

Ic = {{a,l3)\ai^0 A (3j^0 for i = 1, . . . ,m, j = I, . . . ,n} , (30) 

Nj^ = 3^ , is positive under partial transposition and Jap > for all 
(a,/3)Gi. 

Proof Consider first the case (q:,/3) € Ic- Then 




where the coefficient ga is such that {^)ga is the number of points in -L^^, 
that is of points satisfying exactly a conditions, as expressed by the (5's 
appearing, for example, in (|28j) . To show the validity of (|3T|) . let us denote 
by: 

• A{a) a set of a conditions of the form "oj = 7i" , that is, equivalently, 
of a numbers chosen between {1, 2, . . . , N}; 

• G'^(a) C I(j the set of points satisfying conditions A{a) and no further 
ones. 

We now notice that: 

• (■^) is the number of different ways to choose a conditions among A^, 
that is the number of different sets A{a); 

• given two sets A{a), A'{a), if A{a) / A'{a) then G^^^) and G^'(a) are 
disjoint, Ga n Ga' = 0; 

• two sets of points GA{a)^ GA'(a) satisfying different conditions A{a), 
A'{a) are mapped one into the other by suitable permutations of 
the indices. Thus, they must contain the same number of points: 
card(G^) = ga for all A{a). 
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In summary, for each a, the set can be spht into (^) disjointed sets 
GA{a) each containing ga points. 

We claim that ga = 2^~°', a = 0, . . . ,N. This is certainly true for a = N, 
since there is only one point satisfying conditions. Let us suppose the 
statement be true for a = d, . . . , A^. Then ga-i is given by 

i=l ^ 



N-{d-l) 



^N-{d-i) _ ^ /iV - (d - 1)\ 



(32) 



i=0 



2 



Af-(a-l) 



The relation between the g^s written in the first line of (|32p is easily ex- 
plained: a set of points satisfying d — 1 conditions (and no further) is given 
by the number of points satisfying at least d — 1 conditions minus all the dis- 
joint sets satisfying exactly i further conditions chosen among the remaining 
N-{d-l). 
Therefore 

For the state to be PPT, the condition Jq,^ > must hold for any choice 
of {a,P) G L. We have already considered the case {a, (3) G Ic- We now 
show this to be the worst case, in the sense that Jc^/g is the smallest possible. 
In fact consider the case where k indices , • • • , A^ifc among the indices 
(7,5) are equal to zero. Because of our choice of Iq, no element of Ic will 
satisfy any of the corresponding k conditions, e.g. "oj^ = 0",. . . = 0". 
This amounts to consider N — k instead of as the maximum number of 
conditions that one element of Ic can satisfy in the previous reasoning, so 
that: 



card! 




V a 



N - k < a< N 



therefore in the present case Jaf3 = ^N-k ^ 3^- 
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Remark 14 In the geometric picture, the set Ic corresponds to the sub- 
hypercube of the lattice L whose points have all coordinates greater than 0. 



We are now able to construct bound entangled states in S2Ny.2N. 

Theorem 15 The state pi^^iPo), with /be = Ic'^ii^m, Po)} , Po / On and 
Ic given by is a PPTES. 

Proof The state is PPT because the sufficient and necessary conditon for 
positivity under PT of Theorem [T^ is satisfied. For this state -^/be(/3o) ~ 
3^ + 1. We use the result of Lemma IT^ with the slight difference that now 
all the points in /be(/3o) have a weight — = tjvxt- Therefore for any 

(oc,3) G L the elements in Ic contribute at least with -jrr — to J„fl. On 

the other hand the element (Om,/3o) ^ Ibe{Po) contributes with — , 

-TbeOo) 

the sign depending on the number of identical indices between {Om,f3o) and 
{a, (3). Therefore 

1 1 

J<xf3 > ± > 0. 

^/be(/3o) ^/be{/3o) 



We check now that Pi^^(^^) is also entangled. In fact S is a diagonal basis 
for the associated map Ap^ of any LS p-j^, as well as for the map A^^^ of H19() . 
The eigenvalues of Cap^ are 2^7rct^^, {cx,(3) G L; in particular for Pi^^i^f^^^) 
they are 

[wTi ^ -^be(/3o) 

\o (a,/3) ^Ibe(/3o) ' 

while those of A^^^ are listed in H20|). Therefore in the case of Pi^^^j^^)-, we 
have 

^ _ 1 ^ 2^ ^ _ 1 

^ ' («,^)e/BE(/3o) \ ^ ) 

According to Proposition P/be(A)) entangled and A^^^ is not decom- 
posable. ■ 



Two examples of sets I describing PPT entangled ELS for N=2 and N=3 
are shown in Figure 01 

Remark 16 Notice that local unitary operations preserve the properties of 
any state as regards entanglement and positivity under PT. It is therefore 
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CCi 



(a) m = 1, n = 1, TV = 2 



CCi 



(b) m = 2, n = 1, iV = 3 



Figure 1: Geometric representation of two sets /beOq) identifying PPT 
entangled equidistributed lattice states: (a) m = 1, n = 1, N = 2, I3q = (2); 
(b) m = 2, n = 1, A?^ = 3, /3q = (2). In both cases the black dot corresponds 
to the element (0^,/3o). 



quite evident that our "construction", i.e. our choice for Ic, is just one of 
the possible. Generalizing the reasoning in [26], we note that, given two 
2^ X 2^ unitary matrices U, W such that Waa/sU^ = (T-yS up to a phase, 
we have 



{U* (8) W) Po,i3 {U^ ® W^) 



+ 



I2N {UaapW^)] = P^s- (34) 



Since the transformation is unitary and thus invertible, it induces a permu- 
tation among the elements of L, so that pj^i = {U* W)pt^[U'^ (8) W^) is 
another LS with permuted eigenvalues. Let us indicate with rji, i = 1, . . . , N 
the elements of the vector (a, /3). For example U and W can be chosen such 
that 

{Vi,---,Vi,---,VN) 1-^ {rii,---,p{Vi),---,VN), 
with p : {0, 1, 2, 3} {0, 1, 2, 3} a permutation, or such that 

im, ■ ■ ■ ■ ■ ■ ,Vj, ■ ■ ■ ,m) '-^ ivi, ■ ■ ■ ,Vj, ■ ■ ■ ,Vi, ■ ■ ■ , m)- 

In the geometric picture the first operation amounts to exchanging two par- 
allel {N — l)-dimensional hyperplanes, while the second one corresponds to 
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exchanging two coordinates. Therefore every set 
J{{j,6),{t,,i^)) = Iij,6)U 

with 

Hl^^) = 7^1i,l3j 7^Sj,i = l,...,m,j = l,...,n} 

{H,v) ^ I{-r,S) U {(7,5)} corresponds to a PPTES since it can be trans- 
formed into a Pjj^j^(^i3^) by means of the "elementary" operations just de- 
scribed. 

4 Conclusions 

A general class of positive but not completely positive maps has been found. 
The decomposability of a representative map of such class has been studied 
exploiting the characterization of entanglement by means of linear maps: we 
have at the same time established the non-decomposability of the map and 
found examples of 2^ x 2^ dimensional states, e.g. states of a bipartite N+N 
qubits system, which are PPT but nevertheless entangled. Such examples 
are indeed interesting to analyse the phenomenon of bound entanglement. 
The author thanks F. Benatti and R. Floreanini for fruitful discussions. 
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